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1. INTRODUCTION 
In this paper, throughout which n and p denote positive integers, we 
investigate the behavior of sin n0 and (sin &)/sin 8, primarily for large values 
of n and z-r/3 < 0 < 7712. The results are then used to obtain upper bounds 
for Tchebycheff polynomials of the second kind and for the well-known 
Dirichlet kernels of Fourier series. 
Our starting point is the interesting and useful inequality of Byrnes and 
Newman [2, p. 3971 
( sin n8 / < (sin 0) (2 cos e)-n-1 (1) 
which is valid for n > 1 and the above range of 0. A proof is given by the 
first author in his doctoral dissertation [l, pp. 4141. 
2. PRELIMINARY RESULTS 
We first give a simple proof of the following system of inequalities, one 
case of which (p = 1) is a considerably improved version of (1). 
THEORE~I 1. Let 01 = p77j(2p + 1) < e < i7/2 and K = (n cos a)/(2 sin3 a). 
Then 
1 sin n0 ] < (sin a) (s)” 
< (sin e) (s)“. 
(2) 
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Proof. It is clear that (*) sin2 na! 6 sin2 (Y, and that the above values of OL 
are the only ones in (0, 7r/2) for which (*) holds for all values of tl. This is the 
reason for the choice of these particular values of 01, since (*) is necessary for 
the truth of (2). 
Let 
A(6) = $ sin2 nf9 = n sin 2n0. 
Then 
B(8) = -$ [(sir? a) (ST] 
cosor 2K 
=2Ksin201tane cos 
( 1 
= 
nsi& cosff MC+1 
(-) sm 01 cos r9 
> n 2 A(B) 
from which, using (*), (2) follows immediately by interpretation. 
COROLLARY (p = 1). Let 7rr/3 < B < r/2 and k = 2n t/3/9 = (.3849...) n. 
Then 
1 sin no 1 < J!Z (2 cos 0)-k < sin ’ 
2 (2 cos ey * 
3. MAIN RJZSULTS 
The above results are not best possible, since the exponents K and k can 
be replaced by substantially smaller values. In order to show this, we first 
derive several auxiliary results, which appear to have interest in themselves. 
LEMMA 1. For arbitrary real 0 and QL, we have 
) sin2 ne - sin2 72~4 1 < n 1 e - OL 1 . (4) 
Proof, Follows immediately by the mean value theorem or from the 
identity 
sin2 ne - sin2 ~OI = sin n(e + a) sin n(e - a). (5) 
LEMMA 2. Let p be odd and (Y = prl(2p + 1) -c 0 -c ~12. Then 
sin2 nB - sin2 na < n(e - IX) sin 0~. (6) 
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Proof. From (5), we see that (6) holds if sin a(0 - a) < ~(0 - a) sin CL, 
which is easily seen to be true if n(0 - a) > 3/(2p + 1). We therefore assume 
that n(8 - CX) < 3/(2p + l), hence 
-25% < n(e + a) < 
2p + 1 
3 + 2nplr < (2np + 1) 57 
2p + 1 2p+l . 
But 2np + p (mod 4p + 2) since p is odd, therefore sin n(B + a) < sin 01, 
which completes the proof, since sin n(0 - a) < n(f3 - a). 
The followmg example shows that (6) does not hold in general for enen 
values of p: p = 2, 0 = 13~130, n = 3. We then have OL = 2~15, therefore 
the left member of (6) is equal to sin m/l0 = .30902, while the right member 
of (6) becomes n/l0 sin 2rr/5 = (.31416) (.95106) = .29878. However, the 
next result, which is valid for all positive mtegral values of p, is, in some 
ways, a substantial improvement over (6). 
LEMMA 3. Let 01 = pr/(2p + 1) < 8 < rr/2. Then 
sin2 ne < sin2 OL + n(e - a) sin 201 (8) 
with equality if and only if f3 = OL and n = il (mod 2p + 1). The constant 
sin 201 is best possible if n E 1 (mod 2p + 1). 
Proof. Since equality in (*) occurs if and only if n = il (mod 2p + l), 
the case 0 = (Y is immediate, and we may therefore assume that 0 > 01. 
But tan 6 < 2 d3 S/r if 0 < 6 < m/6, hence 
Cota=tan(-&&) <&, 
Suppose that n(0 - O) > dg/(4p + 2). Then 
n(0 - a) sin 2ar > (cot a! sin 201)/2 = (30s~ cy, 
therefore (8) holds with strict inequality, hence we may assume that 
n(e - ~4 G ti/3/(4p + 2), in which case (7) follows as in Lemma 2. We now 
write nol = nzn + qr/(2p + 1) where q is an integer from 0 to 2p inclusive. 
As above, we see that 
2mi7 + & = 2nor -c n(e + ~6) < 2m77 + (2;p\1i n . (9) 
Therefore sin n(e + a) < 0 if q > p, so that (8) follows directly from (5) in 
that case. We may therefore assume that 4 <p. Suppose first that 
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q 3 (p + 1)/2, hence sin n(O + a) < sin 2no1 = sin(2pm)/(2p + 1). Then, by 
(5), we have 
sin* n0 < sin* fi + n(e - a) sin & . 
But sin2 x + c sin 2x is an increasing function of x if rrr/4 < x < 7r/2 and 
tan 2x < -2~. Therefore, since 
PT f<-- - 
2p+ 1 G 2p + 1 < : 
and 
2Pr 
tan 2p + 1 
-=-tan2pkl<- 
2prr+F- 
x.4 - < -2n(B - a), 
2P + 1 
we see that 
sin2 no < sin* fi + n(8 - cx) sin fi 
which completes the proof in this case. 
For the second case, we suppose that q < (p - 1)/2, hence 
sin n(e + a) < sin(2;pzli 7r. 
As above, we have by (5) 
sin* ne < sin2 fi + n(e - a) sin (2;p+i)ln 
< sin2(P- ‘Jr 4p + 2 + n(e - a) sin -P?-- 
3 + 1 
-=c sin* (p4pt_lr + n(e - a) sin (“,‘:)lr 
< sin* 2p + 1 -iTE- + n(e - a) sin * 
by the monotonicity of sin* x + c sin 2x noted above. 
The only remaining case is that of even p with q = p/2. The above method 
fails since, in this case, it is possible that sin n(O + U) = 1. (This is also 
the reason that Lemma 2 may fail for even values of p.) Therefore, we can 
only conclude from (5) that sin2 n0 < sin2 nol + sin n(8 - a). But 
pr na=mmt4pf2 and d5 n(e - a) < - 4P + 2 
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therefore 
But sin2 01 > 2, which completes the proof in this case, and therefore m 
general. The last statement of the conclusion follows at once upon differentia- 
tion of both members of (8) with respect to 0, making use of the obvious fact 
that sin 2no1 L- sin 201 if n G 1 (mod 2p + 1). 
COROLLARY. Under the above hypotheses, we have 
1 sin n0 1 < sin 01 + n(O - a) cos 01 (9B) 
with the same conditions for equality as in Lemma 3. The constant cos 01 is best 
possible if n = 1 (mod 2p + 1). 
Proof. 
sin2 n0 < sin2 a! + n(O - a) sin 201 
z sin2 01 + 2n(e - a) sin Q cos 01 
< [sin 01 + n(e - a) cos a]“. 
The remaining parts of the conclusion follow as in Lemma 3. 
We are now in a position to derive the principal results referred to above, 
which are as follows. 
Tmcwm 2. Let 01 = @/(2p + 1) < tI < ~12 and M = n cot2 01. Then 
1 sin ne 1 < (sin ~6) s 
( i 
M 
. 
Proof. 
$i [(sin 4 (S)“] 
= M sin OL CO+ OL COS-~-~ tI sin 0 
> n cot (Y cos”+l 01 COS-~-~ 0 sin 01 > 71 cos 01 
=$[sino:+n(B-a)cosa]. 
Since the two expressions in brackets are equal for B = 01, this result, com- 
bined with the Corollary to Lemma 3, completes the proof. 
409/48/I-10 
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COROLLARY (p = 1). Let 7rr/3 < 0 < p/2 and m = n/3. Then 
1 sin n0 1 < YYYZ (2 cos 0)) m 
2 
. (11) 
Although it can easily be seen from the above proof that (10) is best pos- 
sible for all p and n such that n = 1 (mod 2p + l), and that therefore (11) 
is best possible for n = 1 (mod 3), in the sense that M and m cannot be 
replaced by any smaller numbers independent of 8, this is not true for the 
corresponding sharpenings of the second inequalities of (2) and (3). The best 
possible results of that type are given as follows. 
THEOREM 3. Let n > 1, 
01 = P742p + 1) < 19 < 42, and R = (n - 1) cots 0~. 
Then 
[ sin m9 1 < (sin e) (5)“. (12) 
Proof. 
-gj [(sin 4 (%)“I 
= R sin2 e COST OLCOS-~-~ I3 + COST oL COS-~+~ 8 
> (f2 - 1) cot201 ~i+esece + cos 8 
> [sece] [(n - 1) cot2 OL sin2 OL + COG e] 
= [set e] [(f~ - 1) ~08~ a + ~0~2 e] 
> [set e] [(n - 2) cos2 a + 2 cos a cos e] 
2 tl set e cos 01 cos e = n cos (Y 
from which the conclusion follows as in Theorem 2. 
As previously noted, this result is best possible in the above sense if 
n = 1 (mod 2p + l), while the following is best possible for n = 1 (mod 3): 
COROLLARY (p = 1). Let n/3 < 0 -K 42, n > 1, andr = (n - 1)/3. Then 
sin 8 
I sin ne I < t2 cos qr . (13) 
We further note that (12) and (13) imply (10) and (1 l), respectively. This 
follows directly from the next lemma, which also contains the case n = 1 
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of Theorem 2, but for which we give a simple proof independent of the 
preceding. 
LEMMA 4. Let 0 < 01 < 0 < ~12 and w = cot2 0~. Then 
g < (=)I(‘. (14) 
Proof. Let f(e) = sin 0 co? 8. Then 
f’(0) = -W sin2 0 COSW-1 e + COS~~+~ e 
= (cos m-1 e) (~0s~ e - w sin2 e) 
<o 
since cot2 0 < w, hence 
sin e cosw e < sin 01 COP OL 
which is equivalent to (14). It is also clear that, for any value of OL in the 
given interval, w is the smallest exponent for which (14) holds for all allow- 
able values of 8. 
COROLLARY. (12) implies (IO), and therefore (13) implies (11). 
Proof. 
(sin e) (5)” = g (E$)R (sin f~) 
< (sin a) (z)R+lu 
= (sin a) (5)“. 
We tinally observe that the right-hand members of (8), (9B), (lo), and (12) 
are decreasing functions of a! for any fixed n and 0 such that 7113 < OL < 
0 < ~72. Therefore, for any tt and 0 in the given range, the best estimates are 
obtained by making use of the largest such value of 01. This fact allows us 
to give alternate versions of the preceding results. For example, Theorem 3 
has the following analog. 
THEOREM 3A. Let n > 1 and 7713 < 0 -=c rr/2. Let p be the largest integer 
such that OL = p7~/(2p + 1) -C 8, and let R = (n - 1) cot2 0~. Then (12) holrls. 
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4. TCHEBYCHEFF POLYNOMIALS 
Following the notation and normalization of C. Lanczos [4], we define the 
Tchebycheff polynomials of the second kind as S,(X) = (sin(n + 1) @/sin 0 
where s = 2 cos 0 and therefore -2 < x < 2 for real values of 0. We can 
then rewrite Theorem 3 and its corollary in terms of S,(X) as: 
THEOREM 3B. Let (11 = prl(2p + 1) and T = n cot2 0~. Then 
1 S,(x)1 < (&)-r for 0 < x < 2 cos 01 (15) 
or, equivalently, 
( &(2x cos a)1 < x-T for0 <x < 1. (15A) 
These results are best possible for allp and n such that n = 0 (mod 2p + 1). 
COROLLARY (p = 1). 
I S,(x)/ < x-“/3 for0 <x < 1. (16) 
This inequality is best possible if n = 0 (mod 3). 
In terms of the more familiar definition of the Tchebycheff polynomials of 
the second kind as U,(X) = (sin(n + 1) @/sin f3 where x = cos 0, the above 
results become 
1 U,(x)1 < (-&-)-’ for 0 < x < cos 01, 
1 lJ,(x cos a)1 < x-r forO<x<l, 
and 
1 U,(x)l < (2x)-“‘” for 0 < x < Q, 
respectively, where T = n cots LY as above. 
The following direct proof of (16), based upon the known recurrence 
relations for the Tchebycheff polynomials of the second kind, is by J. S. 
Frame, and was communicated by him [3] to the author at the Michigan 
State University Symposium on Approximation Theory of March 1972, 
where an earlier version of this paper was presented, and is reproduced below 
with his permission. 
Proof. We start with the standard recurrence relations in the form 
[4, p. XII 
S,(x) - “S,-,(X) + S,-,(x) = 0 for n > 2. (17) 
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If we write n - 1 for n in (17), we obtain 
&-l(X) - “L,(X) + &-3(x) = 0 for n >, 3. W-9 
From (17) and (18), we have immediately 
-S,(x) = (1 - X”) S&(X) + X&-,(X). (19) 
Let x be real, and define the auxiliary functionf&) = Y/~SJX). Then (19) 
becomes the following, which is convex if 1 x 1 < 1: 
-f&t) = (1 - X”) X2’3f,&) + .x2fn-3(.x). (20) 
Now suppose that I x 1 < 1, I fn-2(~)1 < 1, and I fn-s(x)1 d 1. Then 
If&)I < I(1 - x2) x2/3 1 + I x2 1 < I 1 - .v2 I + 1 x2 I 
= 1 -X2+X2= 1. 
But S,(X) = 1, S,(X) = x, and S,(x) = x2 - 1, hence f&.x) = 1, / fi(~)j < 1 
and If2(x)\ < 1 if 1 x I < 1. It therefore follows by induction that ifn(x)l < 1 
if I x 1 < 1 and n > 1, or 1 S,(x)\ < X-~/~ for 0 < x < 1, which completes 
the proof. 
It is easy to see that this method works only for the case O( = a/3. In order 
to show this, we attempt to prove (15A), and obtain 
--&(2x cos a) = (1 - 4x2 COG CY) S,_,(2X cos cl) 
+ (2X cos a) As,-,(2x CDS a) 
(21) 
from (19) rf we write 2x cos OL in place of x. We then define 
g,(x) = XrSJ2.X cos a), 
and have 
-g&r) = (1 - 4x2 COG a) X2CotZ~ggn-&) + (2X cos CX) XsCOt*~gn-3(X). (22) 
For (22) to be convex for I x / < 1, we must have 
I( 1 - 4x2 COG 0) zc2cotPa 1 + 1(2X cos a) x3cotLa 1< 1 (23) 
for / x / < 1. In particular, if we put x = 1 in (23), we obtain 
/ 1 -4cos2,/ + 12cosorI < 1. (24) 
Therefore2cosor<1and1-4cos2ol+2cosol<1,hence2coscu> 1, 
SO that 2 cos 01 = 1 and therefore CL = ~13, since 0 < 01 < 7~12. A possible 
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reason for the failure of this method for other values of (Y is that the combina- 
torial properties ofp and 01, which are not contained explicitly in Eqs. (21) and 
(22) or in inequalities (23) and (24), play a crucial role not only in the proof of 
Theorem 3 given above (which is based heavily upon Lemma 3) but also in 
the content of the theorem itself. 
We note finally that Theorem 3A can also be stated in terms of Tchebycheff 
polynomials as follows: 
THEOREM 3C. Let 0 < x < 1, p be the kzrgest integer such that 
(II = p/(2p + 1) < arccos(x/2), and T = n cot2 a. Then (15) and (15A) hold. 
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As in [5, Vol. 1, p. 2, see also pp. 50, 51, 671, we write 
cos px = 
sin(n + *) x 
2 sin 4x ’ 
We then have the following, as immediate consequences of our previous 
results. 
THEOREM 4. Let 
/3=&<x<rr and vzn l+cosP ( ) l-cosp * 
Then 
1 1+cosj3v 
’ Wx) -c T (1 + cos x) - (25) 
Proof. Apply Theorem 3 with 0 = x/2, OL = /I/2, and 2n + 1 in place of n. 
Then 
I sin@sn: 1) 0 ( < (c~03~~)2”Cot*B12 
= 
[( 
1 +y3)‘lL (1 +ys s)-l/P]2~co~‘8i2 
( 
1 +cosp ” 
= 1 +cosx J 
which is equivalent to (25). 
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COROLLARY (p = 1). Let 2~13 < x < r and v = n/3. Then 
1 D&q < $(2 + 2 cos x)-t’. (26) 
As m the preceding section, we see that (25) is best possible for all p and n 
such that n = 0 (mod 2p + 1) and that (26) is best possible if n= 0 (mod 3), 
in the sense that V and v cannot be replaced by any smaller numbers inde- 
pendent of N. 
We note finally that Theorem 4 has the following analog in the sense of 
Theorem 3A. 
THEOREM 4A. Let 2~13 < x < r. Let p be the largest integer such that 
/3 = 2pr/(2p + 1) < x, and let V = n(1 + cos /?)/( 1 - cos ,k?). Then (25) 
holds. 
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